Rich and complex dark sectors are abundant in particle physics theories. Here we propose performing spectroscopy of the mass structure of dark sectors via mono-photon searches at lepton colliders. The energy of the mono-photon tracks the invariant mass of the invisible system it recoils against, which enables studying the resonance structure of the dark sector. We demonstrate this idea with several well-motivated models of dark sectors. Such spectroscopy measurements could potentially be performed at Belle II, BES-III and future low-energy lepton colliders.
INTRODUCTION
The existence of dark matter (DM) is by now wellestablished, though its exact identity is unknown. Theoretical proposals for its particle nature span many orders of magnitude in mass, with various possible mechanisms for setting its relic abundance. Often, DM is part of a larger dark sector, comprised of a wealth of resonances, and can exhibit rich dynamics. Moreover, complex dark sectors can arise in models beyond the Standard Model (SM), irrespective of candidates for dark matter. The possibility to experimentally study the structure of dark sectors is therefore an extremely relevant and important task.
In the context of dark sectors, expansive attention has been devoted to dark photons that are kinetically mixed with the SM hypercharge [1] . Constraints from beam dumps, fixed-target experiments, B-factories, stellar environments and colliders have been widely studied in the literature (see e.g. Refs. , and Ref. [35] for a recent review of this topic). Colliders such as LEP, BaBar, and the LHC have access to the light states of a dark sector by searching for events with missing energy. Such searches are generically sensitive to dark sector states, but do not directly probe the spectrum of the dark sector, which can often be rich with dark meson resonances.
Here we propose a method to probe the resonance spectrum of a dark sector. The idea is simple, and we first draw an analogy from QCD. At an e + e − machine, the resonance structure of QCD can be mapped by scanning the center of mass energy of the collision. Similarly, the resonance spectrum can be studied by looking at e + e − → γ + hadrons events at a fixed center of mass energy collision. There, the mono-photon energy traces the mass of the system it recoils against, thus performing spectroscopy even at fixed center of mass energy. As the observation of the resonances is not required, such a measurement can easily be performed on a dark sector, where the resonances may be invisible. A schematic de- scription of this proposed dark spectroscopy is given in Fig. 1 .
We propose, and study the feasibility of, performing spectroscopy of generic dark sectors at low-energy colliders. The specific case of a Strongly Interacting Massive Particle (SIMP) dark sector [36, 37] , was previously considered by the authors in Ref. [38] . (For enhanced signals from dark matter bound states in a weakly coupled sector, see Ref. [39] .) However, the concept outlined in Ref. [38] applies more broadly to any strongly coupled dark sector that interacts with the SM, regardless of the nature of dark matter within the model. It is the purpose of this paper to demonstrate this in a concrete manner.
CONCEPT

In a
+ − → γ + inv collision at center-of-mass energy √ s, the energy of the outgoing photon is in one-to-one correspondence with the invariant mass of the invisible system, M inv , it recoils against:
Thus by measuring the photon energy, one can determine the spectrum of the undetected system in the process. For concreteness, we study the case in which a dark sector communicates with the visible sector via a vector, V . In later sections we will take V to be dark U (1) d photon γ d , which is kinetically mixed with hypercharge. The mono-photon production cross section at a lepton collider can then be written as
where
inv /s and the decay widths are to be computed for m V = M inv , reflecting the off-shell nature of the vector in the process.
The irreducible SM background of + − → γνν which proceeds via an off-shell Z is easily obtained from Eq. (2) by taking m V = m Z and replacing the invisible width by the Z-width into neutrinos. (Note that the contribution from W -fusion is negligible.) Additional backgrounds arise from + − → γγ (peaked at M 2 inv = 0), as well as from + − → γγγ and + − → γ + − when only one photon is observed due to other particles going undetected down the beam-pipe or in a detector crack. Such backgrounds can potentially be mitigated with knowledge over the location of the detector cracks.
We study the potential of low-energy electron colliders, such as Belle II and BES-III, to probe the spectroscopy of the dark sector. Belle II is expected to operate at √ s = 10 GeV with 50 ab −1 of data and O(1 − 2%) energy resolution at large E γ [40] . BES-III operates at lower center-of-mass-energy √ s ∼ 4 GeV, with anticipated 10 fb −1 and ∼ 2% energy resolution at high photon energies [41] . To demonstrate the potential reach of these machines, photon energies are smeared using a Gaussian distribution with a given energy resolution. We will take the photon acceptance to be | cos θ| < cos 12
• , motivated by the geometric coverage of Belle II, between 12 to 157 degrees.
RESULTS
Standard Model QCD
We begin by examining what the resonances of QCD would look like in mono-photon events when ignoring the hadronics in the process, as if they had decayed 'invisibly'. In the SM, the cross section for the lower resonances are dominated by off-shell photons.
1 The width of the off-shell photon can be found from the total hadronic cross-section in e + e − annihilations. Using standard notation, the total cross-section at center of mass energy √ s is where the subscript 0 refers to the lowest order QED calculation for massless muons,
The data for R(s) is taken from Refs. [45, 46] . By cutting the photon propagator in the diagram, R(s) can be written in terms of the the off-shell widths at m γ * = √ s,
The off-shell hadronic width at M inv to be used in Eq. (2) is
and the off-shell electron width,
The resulting spectrum for √ s = 10 GeV at Belle II with 50 ab −1 is shown in the left panel of Fig. 2 as a function of the mono-photon energy. We show the QCD result in red, compared to the smeared cross section given a 1% energy resolution, shown in blue, as well as the number of events in 50 MeV bins, with Poisson variation. The low-mass resonances show up as one, with the dominant contribution coming from the φ. The higher mass J/ψ and ψ(2S) resonances are clearly visible in the distribution, though the energy resolution of the machine significantly broadens them.
Mirror QCD
Next we consider a mirror copy of SM, with the lowenergy resonance structure of the mirror QCD sector identical to that of QCD. Such a scenario can be motivated by mirror models [47] [48] [49] or models of neutral naturalness [50] [51] [52] [53] [54] [55] [56] [57] . We assume that there is kinetic mixing between the SM hypercharge and mirror photon, labeled B µ and A µ respectively, however with a massive mirror photon,
Here the production of dark mesons proceeds through an additional off-shell mirror photon via the kinetic mixing to the off-shell SM photon. The widths in Eqs. (6) and (7) are modified to the case at hand (see e.g. Ref. [58] ):
where γ −c w sin χ. For a full list of conventions, see Section 3.1 of Ref. [38] .
We take the kinetically mixed dark photon mass and kinetic mixing parameter to obey all existing constraints (see e.g. Ref. [38] ), and show the expected binned distribution at Belle II in right panel of is the presence of lower resonances around the dark φ d . The narrow states provide a large enhancement in the signal relative to the perturbative prediction if one neglects the resonance structure: for Belle II, the total number of events around the
] times larger than the perturbative continuum. A measurement of the cross-section will allow for determination of the dark quark masses and strong coupling constant at the scale of the resonance. We learn that Belle II could shine light on the structure of a mirror QCD.
Dark Sectors
Next we consider examples of the resonance structure of generic dark sectors such as strongly coupled theories inspired by the models of SIMP dark matter [36, 37] . In general, we will consider confining gauge theories with a gauged dark U (1) d which kinetically mixes with hyperchage via the Lagrangian Eq. (8) . Then production of singlet vector mesons (singlets under both the flavor symmetry and U (1) d ) will proceed via kinetic mixing with the dark photon γ d . We will refer collectively to the pseudo Nambu-Goldstone bosons as dark pions π d , and to the light singlet vector mesons that strongly decay as dark rho-mesons ρ d .
For the ρ d resonance spectrum, we use the partial widths modeled in Ref. [38] as inspired by soft-wall QCD; for simplicity we summarize the relevant results here. Using the effective meson dominance Lagrangian of
the spectrum and decay constants are given by
with the ρ → π d π d partial widths of
assuming all the dark pions π d are degenerate. Here, the factor D R = Tr(T ρ ) 2 and T ρ is the generator corresponding to the ρ d -vector.
Constraints and reach. Next, we estimate the range of parameters in which dark-ρ spectroscopy can be performed. The effective interaction Lagrangian Eq. (10) introduces effective ρ d -γ mixing of the size We show the constraints from electroweak precision observables (EWPO) [42] and the BaBar search for dark photons [43] , which are independent of the dark sector dynamics and couplings. We also show the translated constraints for ρ d at BaBar [43] , as well as the conservative projections of Ref. [44] for Belle II, which assumes a 1.7% energy resolution. We note that the expected reach improves with N f , N c and α D . Next, in order to resolve the different ρ d peaks from each other, the separation of the peaks need to be larger than the resolution, which imposes m ρ1 s σ Eγ
Eγ . At Belle II with optimized 1% energy resolution, this requires m ρ d 1 GeV. Finally, the ρ d bumps should be visible above the continuum dark hadronic production, which is achieved whenever the signal is visible.
Generic dark sector.
To exemplify the potential spectroscopy of a generic dark sector, we consider an SU (2) d × U (1) d gauge theory with N f = 2 as above. In Fig. 4 we show the expected mono-photon energy distribution for 1% energy resolution, using the expected luminosity of 50 ab −1 at Belle II, for the case m π d = 1 GeV, m ρ1 = 4 GeV and γ = 10 −2 . The spectrum is clearly visible at Belle II. SIMPs. Next, we consider a similar symmetry breaking pattern but with a different spectrum. Motivated by SIMP dark matter [36] [37] [38] , where the relic abudance is controlled by 3 → 2 annihilations (and see Refs. [59, 60] for contributions of semi-annihilations as well), we take an Sp(4) d gauge theory with 4 Weyl fermions, which after confinement gives rise to dark pions π d which can play the role of dark matter. We use m π d = 500 MeV, m ρ1 /m π d = 2.1, m γ d = 3 GeV, γ = 8 × 10 −4 and α d = 1/(4π), and show the resulting invariant mass distribution for e + e − collisions for √ s = 10 GeV at Belle II in the left panel of Fig. 5 . . In this case, the ρ d -resonances cannot be resolved at Belle II, but the dark-photon peak is clearly visible. For comparison, we show the distribution for e + e − collisions for lower √ s = 4 GeV at BES-III (with increased luminosity) in the right panel of Fig. 5 , where the resonances are visible. There can also be a kinematic sharp edge at E γ = 1.875 GeV, corresponding to M inv = 2m π d . We learn that low energy lepton colliders such as BES provide complementary tools to higher energy machines such as Belle II in performing spectroscopy of dark sectors.
SUMMARY
In this letter, we have proposed a method to study the spectrum of dark sectors via the measurement of monophoton events at low energy lepton colliders, such as Belle II and BES. By considering well-motivated dark sectors, we have shown that such dark spectroscopy can successfully be performed at Belle II, BES and future lepton colliders, providing an novel new avenue in which to explore the riches of the dark world.
